The side-jump contribution to anomalous/spin Hall conductivities is conventionally understood to be a constant independent of both the scattering strength and density of scatterers, even though it depends on the type of scatterer. In this work, we reveal that the side-jump contribution due to electron-phonon scattering, the primary source of scattering in clean samples, can in fact acquire substantial temperature dependence when the temperature drops below the high-temperature classical regime of equipartition law. We demonstrate this phenomenon in an analytic model, supplemented by a first-principles calculation for pure Pt. Experimentally accessible high-purity Pt is proposed to be suitable for observing the predicted prominent variation of the spin Hall conductivity below 80 K.
The side-jump contribution to anomalous/spin Hall conductivities is conventionally understood to be a constant independent of both the scattering strength and density of scatterers, even though it depends on the type of scatterer. In this work, we reveal that the side-jump contribution due to electron-phonon scattering, the primary source of scattering in clean samples, can in fact acquire substantial temperature dependence when the temperature drops below the high-temperature classical regime of equipartition law. We demonstrate this phenomenon in an analytic model, supplemented by a first-principles calculation for pure Pt. Experimentally accessible high-purity Pt is proposed to be suitable for observing the predicted prominent variation of the spin Hall conductivity below 80 K.
The anomalous Hall effect [1] and spin Hall effect [2] are two related focuses of condensed matter physics in the past a few years, and have provided a paradigm for understanding other nonequilibrium phenomena such as spinorbit torque [3] and valley Hall effect [4] . There exists an intriguing disorder-induced mechanism called side-jump [1, 2, [5] [6] [7] , whose contribution to the anomalous and spin Hall conductivities is a constant independent of both the impurity density and scattering strength, in the presence of a single type of weak static impurities. In the presence of multiple types of point-like impurity potentials with different internal-space structures, the side-jump contribution depends on relative strengths of different types of impurities [8] [9] [10] . It was argued accordingly that [11, 12] , this contribution changes as the dominant type of disorder (e.g., point-like impurities vs phonons) changes with the temperature. A consequent multi-variable scaling for the anomalous and spin Hall effects has been proposed to analyze experimental results [12, 13] .
In this letter we uncover that the side-jump anomalous and spin Hall conductivities arising from the electronphonon scattering alone can in fact be temperaturedependent instead of being a constant, when the temperature drops below the classical equipartition regime.
Formally, by analyzing the structure of corresponding Feynman diagrams [1, 11, 12, [14] [15] [16] , the general form of the side-jump anomalous Hall conductivity in isotropic single-Fermi-surface systems with a single type of quasistatic disorder is extracted as (side-jump spin Hall conductivity σ sj SH takes the same form)
where τ tr is the transport time on the Fermi surface, and τ l are scattering-induced quantities with the dimension of time. In two-dimensional (2D) case, τ l can be chosen to represent the lth angular Harmonic of the orbital part of the differential scattering cross-section (Eq. (3)). Co-efficients α shift l and α isk ll arise from the coordinate-shift and intrinsic-skew-scattering processes of the side-jump mechanism [1, 14, 15] , respectively. They depend on the internal-space structure of disorder potential [8] but are temperature (T )-independent. All quantities on the right hand side of Eq. (1) are put on the Fermi surface. This is reasonable in realistic metals possessing large Fermi energies. The quasi-static approximation is acceptable as long as the energy of phonons that scatter electrons is much less than the Fermi energy F , i.e., k B T D F [8, 17, 18] , with T D the Debye temperature. The case of multiple-Fermi-surface is more complicated but similar [11] , with all the quantities on the right hand side of Eq. (1) band-dependent as well as a summation of all bands at the Fermi level. Generally speaking, if τ −1 l τ tr is T -dependent, σ sj AH changes with the temperature. The classical equipartition regime is practically characterized by a linear-in-T longitudinal resistivity [17] [18] [19] [20] [21] . This linear-T dependence comes from that of the phonon occupation number [17, 18] , hence both τ tr and τ l are linearly dependent on the temperature. Therefore, τ tr /τ l and thus the side-jump contribution are T -independent in the equipartition regime. As the temperature drops below the equipartition regime, the bosonic nature of phonons becomes important [17, 22, 23] , leading to a Tdependent k-space structure of the differential scattering cross-section on the Fermi surface, which affects τ tr as well as τ l considerably and differently. Thus the longitudinal resistivity departs from the linear-T dependence [17, 18, 22, 23] , concurrently the side-jump contribution exhibits T -dependent behaviors.
To be definite, we consider 2D isotropic single-Fermisurface systems, where the disorder-free single-electron eigenstate is denoted by |k |u k , with the eigenenergy k . The k-dependent transport time is given by
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for scalar quasi-static disorder [17, 24] . Here D k is the density of states, 2π u k |u k 2 W k k = d k w k k ,
is the first-Bornorder scattering rate for scalar quasi-static disorder [17, 24] , where the orbital part W k k of the differential scattering cross-section characterizes the scattering property independent of specific |u k . φ k k is the scattering angle. τ l (k) can always be chosen to be of the form
because W k k is an even function of φ k k and any possible form reads τ −1
where F k k is also an even function of φ k k (its odd part does not contribute because W k k is even). By using
represents the lth angular Harmonic of W k k . Apparently in Eqs. (2) and (3), τ tr /τ l is T -dependent if the structure (angular distribution) of W k k on the Fermi surface changes with the temperature.
For quasi-static electron-phonon scattering, 17, 25] , where U q is the orbital part of the electron-phonon coupling matrix element U q k k = u k |u k U q , q = k −k is the wave-vector of phonons, and N 0 q is the equilibrium phonon occupation number with ω q the phonon energy. To develop a simple picture, the electron-phonon Umklapp process is neglected temporarily. We further assume Debye phonons and a constant atomic factor of the scattering rate of electron-phonon normal process [17, 18] (proportional to |U q | 2 / ω q , just the square of the so-called electron-phonon coupling constant defined in Ref. [26] ). Only under these approximations emerges theoretically the T 5 law (T 4 in 2D electronphonon systems [23] ) for the phonon-limited resistivity at low temperatures [17] [18] [19] .
In the equipartition regime W k k = 2k B T |U q | 2 / ω q = W 0 is thus a constant on the Fermi surface, just like that in the case of zero-range scalar impurities. Therefore, under aforementioned approximations, τ −1 l τ tr and thus σ sj AH from the electron-phonon scattering in the equipartition regime coincide with those from scattering off zero-range scalar impurities (these two types of scattering share the same internal-space structure [8] ). In the T → 0 limit, W k k is highly peaked at φ k k = 0, hence only acoustic phonons with vanishingly small wave-vectors participate in the scattering [17, 18] . We show in the following model calculation that, σ sj AH due to these phonons of sufficient long-wavelength is the same as that due to scalar impurity potentials in the longrange limit. In the Supplemental Material [27] we present a model-independent analysis of this coincidence in 2D isotropic systems under the noncrossing approximation (for α isk ll ). We prove that it is true as long as both sidejump contributions are not divergent.
The above analysis based on the T -dependent angu-
2π sin 2 θF cos θF TABLE I. The high-T -limit and low-T -limit values of the sidejump anomalous Hall conductivity from electron-phonon scattering in model (4) . Here σ sj
lar distribution of W k k on the Fermi surface also stimulates a more pictorial understanding for the considered T -dependence of σ sj AH . Recently it has been found that the side-jump contribution depends considerably on the scattering range of scalar impurity potentials [28] . For electron-phonon scattering under aforementioned approximations, in the low-T limit only two states laying very close to each other on the Fermi surface are involved, whereas in the high-T regime any large-angle scattering can happen with a constant W k k in k-space. Thus one can conceive of an effective range of electron-phonon scattering as changing continuously with the temperature from the low-T long-range limit to the high-T zero-range limit, and the resultant side-jump contribution depends on the temperature. To demonstrate the rationale of the above analysis specifically, we now perform analytic calculations in the 2D massive Dirac model
which possesses both intrinsic and disorder-induced anomalous Hall effects [14] . Hereσ x,y,z are the Pauli matrices, k = k x , k y = k (cos φ, sin φ) is the wave-vector, v > 0 and ∆ 0 > 0 are model parameters. Proceeding along the Kubo diagrammatic approach, in the presence of scalar quasi-static disorder one has [8, 28] 
and
for side-jump contributions from the coordinate-shift and noncrossing intrinsic-skew-scattering, respectively. Here cos θ F = ∆ 0 / F , sin θ F = vk F / F . The intrinsic-skewscattering going beyond the noncrossing approximation, i.e., the so-called X and Ψ diagrams [15, 28] , also gives rise to a contribution σ isk,c AH . It takes such a complicated form (presented in the Supplemental Material [27] ) that is only taken into account when the quantitative understanding is necessary for demonstrating our basic ideas (i.e., in Table I and Fig. 1) .
The values of σ sj AH = σ shift AH + σ isk,nc AH + σ isk,c AH from the electron-phonon scattering in the high-T and low-T limits can be directly obtained by inspecting the limiting behaviors of τ tr and τ l : τ −1 l = 0 for l = 0 in the high-T limit, and τ −1 l − τ −1 l+1 τ tr = 1 + 2l in the low-T limit (this relation is independent of above specific approximations concerning the electron-phonon scattering [27] ). The results are shown in Table I and more apparently in Fig. 1 . These contributions in the high-T and low-T limits are the same as those from scalar impurities in the zero-range [8, 15, 28] and smooth limits [28] , respectively. When F /∆ 0 > 3, σ sj AH attains opposite signs in the high-T and low-T limits. This sign-change comes from that of σ isk,c AH in model (4), but in other systems other parts of σ sj AH can also undergo a sign change when the temperature varies. For instance, in the 2D spin-polarized Rashba model, σ shift AH from electron-phonon scattering acquires opposite signs in the low-T and high-T limits, under the approximations adopted in the present model calculation [29] .
The concrete T -dependence of side-jump contributions can also be acquired with the help of the same approximations, based on which we have [22] , c s is the sound velocity, and u k |u k 2 = 1 − sin 2 θ F q 2k F 2 for model (4) is used. C l (x) represent the Chebyshev polynomials of the first kind of degree l with the argument x, coming from C l (cos φ k k ) = cos (lφ k k ). In 2D electron systems T BG plays the basic role instead of T D in a Debye-type interpolation theory [22, 23] . In Fig. 2 , we plot temperature variations of σ shift AH and σ isk,nc AH at F /∆ 0 = 2. The T -dependence is most prominent when 0.07 < T /T BG < 0.5, whereas T -independent behaviors appear in the high-T and low-T limits. To show the applicability of our theoretical ideas in real materials, we perform a first-principles calculation to the spin Hall conductivity of pure Pt in the temperature range 20 -300 K. The temperature is modeled by populating the calculated phonon spectra of Pt into a large supercell with its length L along fcc [111] and 5 × 5 unit cells in the lateral dimensions [20, 30] . Then the transport calculation is carried out using the above disordered (finite-temperature) Pt supercell that is sandwiched by two perfectly crystalline (zero-temperature) Pt electrodes. The scattering matrix is obtained using the so-called "wave function matching" technique within the Landauer-Büttiker formalism [30] . The calculated total resistance of the scattering geometry is found to be linearly dependent on L following the Ohm's law. By varying L in the range of 5 -60 nm, we extract the resistivity at every temperature using a linear least squares fitting for the calculated resistances. For each L, at least 10 random configurations have been considered to ensure both average value and standard deviation well converged with respect to the number of configurations. The calculated resistivity ρ is plotted in Fig. 3(a) as a function of temperature. The spin-Hall angle Θ SH is computed by examining the ratio of transverse spin current density and longitudinal charge current density [31] . At every temperature, we use more than 20 random configurations, each of which contains 60 nm-long disordered Pt. Then the spin Hall conductivity is obtained as σ SH = ( /e)Θ SH /ρ, shown in Fig. 3(b) .
For T 80 K, a linear T -dependence of ρ is obtained, and σ SH is approximately a T -independent constant 1.6× 10 5 /e (Ω m) −1 [31] . Below this equipartition regime, ρ deviates from the linear T -dependence (illustrated by the dashed line in Fig. 3(a) ), concurrently the calculated σ SH increases with decreasing temperature. At T = 20 K, σ SH reaches 2.3 × 10 5 /e (Ω m) −1 .
According to the calculation of Tanaka et al. [32] , the minimal interband splitting around the Fermi level of Pt is much larger than the room temperature so that the thermal broadening is negligible. Thus the intrinsic contribution σ sj SH is expected to be T -independent from 20 K to 300 K. Therefore, although we cannot separate the intrinsic contribution from the side-jump one, we can judge that the T -dependence of σ SH comes from that of σ sj SH . In particular, this T -dependence just begins when the temperature drops below the equipartition regime, in accordance with our theoretical idea. Next we turn to experimental implications of our findings. First we discuss the possibility of observing the predicted effect directly in experiments. In nonmagnetic high-purity metals, the electron-electron interaction dominates over the electron-phonon scattering in determining the longitudinal resistivity ρ at very low temperatures. Therefore, in order to observe our result, lower characteristic temperature T t characterizing the crossover from the electron-electron scattering dominated regime to the electron-phonon scattering dominated one is required, so that the intermediate temperature range from T t to the high-T classical equipartition regime [21] is wide enough. For example, in experimentally accessible high-purity Pt samples with residual resistivity as small as 10 −3 -10 −2 µΩ cm [33] , T t can be as low as 10K, and at T = 20 K the electron-phonon scattering limited ρ is nearly one order of magnitude larger than the resistivity contributed by the electronelectron scattering and the residual resistivity. Because in Pt the nonlinear T -dependence of ρ emerges at T 80 K [21] , the suitable temperature range for observing the predicted T -dependence of the spin Hall conductivity in high-purity Pt is 20 K T 80 K. Thus the prominent T -dependence obtained by our first-principles calculation ( Fig. 3(b) ) is expected to be observed in experiments on high-purity Pt samples.
The spin Hall measurement in high-purity nonmagnetic transition metal samples also avoids the complexity in moderately dirty samples that σ sj SH can be T -dependent even in the equipartition regime because of the competition of electron-phonon and electron-impurity scattering [12, 34] . This competition seems contradictory to what we found in the model calculation. However, σ sj SH contributed by the electron-phonon scattering in the equipartition regime can be different from that due to zero-range scalar impurities, when the approximations made in the model calculation are not valid, especially when the electron-phonon Umklapp process is important. This is because the static structure factor of the Umklapp scattering in the equipartition regime depends strongly on the momentum-transfer but that of the normal scattering does not [17] . In many metallic systems with high carrier densities, large-angle electron-phonon scattering can only happen via Umklapp processes [17, 19] .
In ferromagnetic metals, the case is complicated by the co-existence of phonons and magnons at elevated temperatures. If the Curie temperature is much larger than T D , (e.g., Fe and Co), there may exist a temperature range where the electron-phonon scattering dominates overwhelmingly. However, a simple estimation [27] shows that high-purity Fe is not a good candidate for experimental verifications of our theory.
In summary, we have revealed that the side-jump anomalous and spin Hall conductivities arising from the electron-phonon scattering can have substantial Tdependence, as the temperature drops below the equipartition regime where the longitudinal resistivity is linearly dependent on the temperature. Our first-principles scattering calculation to the spin Hall conductivity in pure Pt showed a nearly T -independent constant in the equipartition regime T 80 K and a prominent T -dependence at 20 K T 80 K, in accordance with our theoretical idea. We proposed experimentally accessible high-purity Pt as a promising candidate for verifying our prediction.
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